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ABSTRACT 
 
A thin layer of film is developed on the surface of a substrate in the dip coating process 
where the substrate is initially immersed into the coating fluid and then withdrawn 
continuously from the coating fluid bath. In this study a two dimensional flow of the thin 
film for a Newtonian fluid is examined theoretically by dividing the film into three 
separate regions. A general formulation is developed for a thin film flow, which then 
simplifies for each region upon considering appropriate assumptions to each region. The 
influence of inertia and surface tension in the presence of gravity is investigated for the 
steady flow only. The thin film equations are solved by expanding the flow field in terms 
of orthonormal shape functions in the transverse direction. A spectral approach is adopted 
instead of previously used depth-averaging technique to predict the final coating 
thickness as a function of the withdrawal speed and the fluid properties. The spectral 
solution provides a very good agreement with the experimental results.  It is found that the 
flow field is highly dependent on inertia. The effect of inertia is investigated on the free 
surface profile, length of the domain, thickness of the film and the fluid flow rate. A 
numerical model using the Volume of Fluid (VOF) method is also developed in the current 
study which is validated by the spectral solution and the experimental results.   
 
Keywords: Thin film, dip coating, two dimensional flow, Newtonian fluid, inertia, surface 
tension, steady flow,  spectral method, non-linear theory, Volume of fluid (VOF)    
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CHAPTER 1 
INTRODUCTION 
 
The dip coating is a production process that involves the application of a protective layer 
against sharp or rough materials, to prevent corrosion, or just a beautiful and soft coating 
to enhance the product's appearance. The main function of the dip coating is to increase 
the useful life of the product, although the dip coating may also be used for decorative 
purposes as well. It is much more cost effective to do a one step dip to coat a product, for 
instance a tool grip, than it is to injection mold a sleeve and then apply it to the handle. 
The coated grip is softer, has no seam lines, and adheres better to the product to be 
coated. The most common form of the dip coating involves covering metal with plastic. 
A good example of this type of dip coat application is the simple wire hanger. In order to 
protect clothing from the possible development of rust on the bare metal of the hanger, 
the hangers are coated with a thin layer of plastic. Products that are routinely subjected 
to dip coating can be found in both home and in the workplace. Applications for the dip 
coating are extensive and include but not limited to hand tools, toys, medical instruments, 
electrical equipments, sheet metals, electric wires and plumbing fittings, photoconductor 
drums for laser printer. However, to determine the process conditions for the desired 
coating thickness it is necessary to analyze the fluid film which is developed by the 
withdrawal of the moving substrate. 
 
The interplay between inertia and surface tension is examined in this study for the dip 
coating process where the two-dimensional steady incompressible flow for a Newtonian 
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fluid is considered. A thin layer of film is developed on the surface of a substrate in the 
dip coating process where the substrate is initially immersed in to the coating fluid to be 
coated, and then withdrawn continuously from the coating fluid bath. A flat plate is 
considered as a substrate in the current study.  Three distinct regions can be identified in 
the flow as shown in figure 1.1. The first region which is close to the bath surface, is 
assumed to be unaffected by the movement of the flat plate. The free surface of the flow 
in this static meniscus region is dictated by surface tension and gravity. The second or 
dynamic region extends above the static meniscus region, and is the developing region 
where inertia, viscous, gravitational and surface tension effects are responsible for the 
shape of the free surface. The third region begins when the flow reaches a constant film 
thickness far above from the fluid bath surface, which is the desired coating thickness. 
Once the flow emerges from the dynamic region to the constant thickness region, it 
becomes fully developed and thickness remains same throughout in this region. However, 
as the steady state condition is considered, the coating thickness remains unchanged with 
respect to time as well. Since viscosity is present and gravity drains off the fluid from the 
moving plate, velocity at the free surface is not equal to that of the moving plate. Post-
withdrawal solidification, drying and freezing, are required to stabilize the coating. 
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Figure 1. 1  Schematic illustration of the different regions in a thin-film entrained by a 
flat plate moving upward from the fluid bath. Note that the thin-film is enlarged for better 
understanding. 
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1.1 Motivation 
 
In industry for a new coating material and desired coating thickness, coating trials are 
required to obtain the accurate operating conditions. The operating conditions include 
withdrawal speeds, operating temperature and fluid properties. Objective of the current 
study is to provide a mathematical model to predict the desired coating thickness for a 
given withdrawal speed and a coating material. An accurate model reduces the number of 
coating trials required in the industry, which eventually reduces the cost of the entire 
coating process.       
 
Free surface and interfacial flows are inherently complicated because of the unknown 
position of the free surface or interface, which must be determined as a part of the 
problem. The understanding of the flow entrained by a moving wall  remains challenging, 
despite the continuous development of new solution techniques and the advent of 
powerful computational platforms due to the fact that computational domain is unknown 
a priori along with the unknown position of the free surface. The principal complication 
for this process is the strong role played by the free surface in controlling the coating 
dynamics, especially in the region where the substrate leaves the coating fluid bath.  The 
dip coating process adds more complexity to the problem formulation and the solution 
procedure as the intersections of the dynamic region with the constant thickness region 
and the static meniscus region are unknown. The thin layer of coating developed by the 
movement of the plate is expected to reach a constant thickness far away from the fluid 
bath surface. The problem thus consists of obtaining the relationship between the 
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constant coating thicknesses and the withdrawal speed for a given coating material. The 
gravity is also important as it causes the fluid to drain off from the flat plate. It should be 
noted that different force balance exists for the different regions. For instance, surface 
tension and gravity balance each other in the static meniscus region, whereas in the 
constant thickness region gravity is balanced by viscous force. However, in the dynamic 
region gravity, surface tension and viscosity must be considered along with effect of 
inertia. Again the flow condition is different from one region to another. For example, in 
the dynamic region as the flow is developing, the flow variables should vary in the 
streamwise direction. However, in the constant thickness region as the film thickness 
reaches a constant value, flow variables should not vary in the streamwise direction 
anymore; hence the flow becomes fully developed. Therefore, different assumptions are 
required for each region. The formulations are developed for a general thin film flow 
which then reduced for each region upon application of the assumptions appropriate for 
corresponding regions. In the current study consistent matching boundary conditions are 
developed along with an appropriate condition for determining the unknown 
computational domain.  
 
Generally, thin-film flow problems are reduced to one dimension by implementing the 
lubrication approximation.
1
 Although the lubrication assumption remains the basis for the 
simulation of thin-film flow, it is mostly used with inertial effects neglected.
2
 If inertia is 
neglected, a single relationship is obtained between the non-dimensional coating 
thickness and the non-dimensional withdrawal speed, namely the capillary number.
3-5
 
However, Tallmadge and Soroka
6
 reported a dimensionless parameter which acts as an 
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additional dimensionless number for the dip coating formulation along with the non-
dimensional coating thickness and capillary number. This dimensionless parameter 
corresponds to viscosity, surface tension and gravity of the coating fluid. The inertial 
effect was invoked into the formulation for the dynamic region by the combination of 
these three dimensionless numbers by Esmail and Hummel
7
 in the non-linear theory. The 
non-linear theory provided a series of curves as a relationship between the non-
dimensional coating thickness and the capillary number depending on the dimensionless 
parameter which corresponds to the fluid properties. These series of curves are required 
to fit the complete set of experimental works reported in the literatures.
8-11
  It has been 
found that inertia becomes dominant at different capillary numbers depending on the 
dimensionless parameter which represents the properties of the fluid. Therefore, the main 
focus of this study is to predict the coating thickness for a given withdrawal speed and 
coating material, in the presence of inertia. 
  
1.2 Literature review 
 
Early studies for Newtonian fluid on the dip coating flow involved one dimensional flow 
approximation without considering the effect of inertia. Landau and Levich
3
 were the 
first to predict the coating thickness for a given withdrawal speed where inertia and 
gravity was neglected. The linear theory proposed by Landau and Levich
3
 divided the 
fluid film into three separate regions in the streamwise direction, and provided the 
matching boundary conditions for those regions in the flow direction. However, solutions 
obtained by Landau and Levich
3
 is applicable only at very low capillary numbers,
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2Ca 10 .  Wilson
12
 reported that the Landau and Levich result is an asymptotic solution 
and valid as capillary number tends to zero. Later, White and Tallmadge
4
 included the 
effect of gravity in the gravity-corrected theory where the strain rate term in the normal 
boundary condition was neglected. Spiers et al.
5
 included the effect of gravity and the full 
normal boundary condition, and solve the dip coating problem up to capillary number 
equals to 2.  Application of Landau and Levich matching condition at the stagnation point 
requires linearization of the film thickness, which assumes that the thickness of the film 
in the dynamic region is almost equal to that of the constant thickness region; even close 
to the static meniscus region.
4,5,13
 However, linearization of the governing equations 
provides a constant value for the second derivative of the free surface as a matching 
boundary condition for the intersection of the dynamic region and the static meniscus 
region. However, the drag out problem is closely related to the drainage and the removal 
process for a finite plate.
14
 In case of the finite plate withdrawal, fluid drain off from the 
plate due to the effect of gravity, and as a result of that a parabolic profile for the film 
exists at the first part of the finite plate. For the lower part of the plate the constant 
thickness solution holds. Tallmadge and Gutfinger
15
 reviewed these three phenomena 
together, to establish a general formulation and solution procedure for the continuous 
withdrawal problem both for a flat plate and a cylindrical substrate.  
 
The linear theory estimated a single relationship between the non-dimensional coating 
thickness and the capillary number regardless of the fluid properties, but experimental 
results showed that multiple relationship exist between these two dimensionless numbers 
depending on the properties of the fluid.
6-9
 In the non-linear theory, Esmail and 
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Hummel
11, 16
 predicted a family of curves between these two dimensionless numbers, and 
were able to fit the experimental works.
6-9
 The non-linear theory used the depth average 
method to eliminate the transverse dependence of the two dimensional formulation for 
the fluid film, where inertia is considered. However, to identify and apply the matching 
boundary condition at the intersection of the dynamic region and the static meniscus 
region, Esmail and Hummel
11, 16
 used the stagnation point thickness expression derived 
by Lee and Tallmadge
17
 where one dimensional flow was considered.  
 
Spectral approach and VOF model can be a good alternative: 
 
In this study, a spectral approach is proposed to model the thin film flow due to the 
movement of a flat plate. The flow equations are first mapped over the rectangular 
domain, and formal expansion of the velocity field in terms of orthonormal basis 
functions is introduced for the flow field. The formulation closely follows and 
generalizes that of Zienkiewicz and Heinrich,
18
 which emphasizes water flow over 
extended areas. The Galerkin projection method is used to generate the equations that 
govern the expansion coefficients. The spectral method has emerged as an effective 
alternative to conventional methods.
19
 Although this method has predominantly been 
used for simple flow, recent developments have included complex geometry
20
 and 
complex fluids.
21-23
 
 
Unlike the depth-averaging method, the proposed spectral methodology particularly 
provides better prediction of the coating thickness. The overall validity of the basic 
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approach is established by comparing the two dimensional steady state solutions against 
wide range of experimental results that are available in the literature.
6-9
 The spectral 
solution is also compared to the solution based on parabolic profile and depth-averaging 
procedure.
11,16
 The problem thus consists of obtaining the relationship between the 
withdrawal speed and the coating thickness for a given coating material. The effect of 
inertia on the shape of the free surface, stagnation point thickness and fluid flux across 
any cross section inside the fluid film is investigated as well.  
 
A numerical model is also developed using commercial software FLUENT, where 
Volume of Fluid (VOF) method is used to solve the dip coating flow. As air is present at 
the free surface of the film, the problem is solved as VOF where air and coating fluid is 
considered as two phases. Again, as the free surface profile is not known before the 
solution is obtained; the problem is solved as a transient one. It is found that the film 
thickness reaches a steady state condition after some time depending on the withdrawal 
speed of the flat plate and the properties of the fluid. Results obtained from VOF method 
is validated against spectral solution and experimental results.
9
   
 
This thesis is organized as follows. The problem formulation and solution procedure are 
given, respectively, in sections 2.1 and 2.2. Results and discussion are described in 
section 2.3. Finally, concluding remarks are given in chapter 3. Details of the VOF 
method can be found in appendix E.   
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CHAPTER-2 
IMPROVED NON-LINEAR SOLUTION OF DIP COATING FLOW 
 
2.1 Problem formulation 
 
The general formulation is implemented for the steady state thin-film flow of a 
Newtonian fluid which is entrained by the withdrawal of a flat plate from a fluid bath as 
depicted in figure 2.1. The film is divided into three regions and appropriate assumptions 
are made for each region. In this section, the equations and the boundary conditions are 
deduced for the different regions of the film from the general thin-film formulations.  
 
2.1.1 Thin-film equations and boundary conditions 
 
Let, consider the flow of an incompressible fluid of density ρ, viscosity µ, and surface 
tension σ which is entrained by the flat plate as it moves vertically upward from the 
infinite fluid bath as shown in figure 2.1, in dimensional (X,Y) plane. Note that the X-
axis is taken vertically upward. Gravity is acting in the downward direction. The thin-
film is divided into three regions as shown in figure 2.1. The region close to the fluid bath 
is assumed to be static in nature and will be referred to as the static meniscus region. It 
has to be noticed that as the fluid is entrained by the moving plate, the fluid cannot be 
static entirely. However, close to the fluid bath surface the effect of surface tension is 
dominant over the viscous effect, and tries to resist the fluid flow. Therefore, for the 
modeling purpose the fluid can be assumed to be static close to the fluid bath. Again, 
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there is no effect of surface tension far above from the fluid bath surface. Therefore, the 
film is assumed to reach a region far above from the fluid bath, where the free surface of 
the film is parallel to the plate movement. As the film thickness remains same; this region 
is known as constant thickness region. However, in between these two regions, a 
developing flow condition exists named the dynamic region. In this section the governing 
equations and the boundary conditions is developed for a two dimensional flow in the 
presence of inertia, viscous force, gravitational force and surface tension. Later, these 
formulations are reduced to simplified formulation for each region under certain 
approximations which is discussed in detail in the following sections.  
Let U be the withdrawal speed of the plate. The corresponding constant coating 
thickness be H∞ and the free surface thickness is H(X). The dimensionless variables are 
introduced as follows: 
2
X Y H
x , y , h ,
L H H
U V P
u , v , p
U U U
 
  
  
  
 
  (2.1) 
where L is the length of the dynamic region,  u, v are the velocity (dimensionless) 
components in the  x, y  plane and p is the pressure (dimensionless) inside the fluid 
film. The (dimensionless) shape of the free surface is then given by h(x). The aspect ratio 
and the radius of curvature at the free surface are defined by respectively 
3
2 2
H 1 H
,
L R
1 H
    
 
 
  (2.2) 
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here primes denotes the total differentiation. It is clear from the figure 2.1 that 1 . 
There are three important dimensionless groups that are present in the dip coating 
formulations namely, the Reynolds number, Re, the capillary number, Ca and the non-
dimensional coating thickness, T∞. Explicitly written, these take the following form: 
U H U g
Re , Ca , T H ,
U
  
 

  
  
  
 (2.3) 
Upon insertion of the dimensionless variables mentioned in equation (2.1) into the 
continuity and Navier-Stokes equations, leads to the following dimensionless governing 
equations respectively  
x yu v 0    (2.4) 
  2 2x y x xx yyRe uu vu Rep u u T         (2.5) 
 2 3x y y xx yyRe uv vv Rep v v        (2.6) 
where a subscript x, y denotes partial differentiation. 
The no-slip and no-penetration boundary condition at the moving wall are 
   u x, y 0 1, v x, y 0 0      (2.7) 
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Figure 2. 1 Schematic illustration of the thin-film entrained by a flat plate moving 
upward from the fluid bath. The figure shows the dimensional notations. 
 
 
 
 
x x
 
STx x  
L 
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It has to be noted that the shape of the free surface is dictated by the dynamic balance of 
the stresses at the interface. The dynamic boundary condition in the tangential direction at 
the free surface, y=h, can be written as follows (details in appendix A) 
 
 
2
2
y x y x2
2 h
u v v u 0
1 h

    
 
  (2.8) 
However, the dynamic boundary condition in the normal direction at the free surface, 
y=h, includes the effect of surface tension and can be written as following (details in 
appendix A) 
 
 
2
2
y x y 3 2
2
h
Rep h u v 2 v
Ca
1 h

       
  
  
 (2.9) 
The kinematic boundary condition express the fact that the free surface is a streamline, 
hence the fluid flow rate (dimensionless) across any cross section perpendicular to the 
moving plate is given by 
h
0
q udy    (2.10) 
 
2.1.2 Formulation and matching conditions in the constant thickness region 
 
Following Landau and Levich,
1
 in the constant thickness region it is assumed that the 
flow is one dimensional, u(y), and fully developed, 0
x



, from the beginning of this 
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region, x x . Therefore, upon use of these assumptions the momentum equation (2.5) 
simplified to 
2u T    (2.11) 
here prime is used to denote total differentiation, as in this region velocity, u, is a 
function of the transverse direction, y, only. The equation (2.11) indicates that a dynamic 
equilibrium exists between the effect of gravity and the drag of the sheet. The no slip 
boundary condition, equation(2.7), remains the same at moving wall. However, the 
boundary conditions at the free surface, equation(2.8), can be simplified to upon 
considering the one dimensional, v=0, and fully developed, 0
x



, flow in the constant 
thickness region: 
u 0    (2.12) 
The solution of equation (2.11) subjected to the boundary conditions (2.7) and (2.12) 
leads to 
2
2 yu 1 T y
2

 
   
 
 
  (2.13) 
The equation (2.13) indicates that velocity distribution exists across the film thickness. 
Due to the presence of gravity and viscous effect, the fluid has a lower velocity at the free 
surface compared to the moving plate velocity.  
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Now, the fluid flow in the constant thickness region can be achieved by integrating 
equation (2.10) from 0 to 1, where the velocity, u is substituted from equation (2.13) as 
follows 
2T
q 1
3
    (2.14) 
Since T∞ is unknown, the solution given by equation (2.13) and (2.14) is not complete. 
Therefore, it is necessary to find the streamwise velocity, u(x,y) in the dynamic region, 
and then matching the solutions with equation (2.13) so that they are continuous between 
these two regions. In addition to this, another boundary condition for T∞ will appear 
when the flow in the static meniscus region will be taken into consideration. 
The free surface in the constant thickness region is parallel to the plate movement, and 
gives the following matching conditions for the free surface from x=x∞  
h 1, h 0, h 0      (2.15) 
 
2.1.3 Formulations and boundary conditions in the dynamic region 
 
A two dimensional flow field is assumed in the dynamic region. It is assumed that 
dynamic equilibrium exists between inertia, viscous, gravitational and surface tension 
forces in this region. Therefore, the governing equations (2.4)-(2.6) and the boundary 
conditions (2.7)-(2.9) are completely applicable for the dynamic region. However, from 
figure 2.1 it is obvious that 1 , hence the dynamic region can be considered as a thin 
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film. The governing equations (2.4) (2.6) can be reduced when the terms of ~O (Є2) and 
higher are excluded as following: 
x yu v 0    (2.16) 
  2x y x yyRe uu vu Rep u T        (2.17) 
y yyRep v    (2.18) 
However, considering one dimensional flow approximation and neglecting the inertial 
term, the equations (2.17) and (2.18) can be simplified to the governing equations 
considered by the linear theories
1-3
 as 
2
yy xu Rep T     (2.19) 
yRep 0   (2.20) 
Again, existing non-linear theory reported by Esmail and Hummel
4
 included the term, 
uxx, in the x-momentum equation in spite of its estimation of ~O (Є
2
) because according 
to their study, calculation reveals its importance especially at low withdrawal speeds. 
However, in the current study this term is dropped out along with the other higher order 
terms to have consistent formulations.  
The no-slip and no-penetration boundary condition at the moving wall remain same as 
equation (2.7) 
   u x, y 0 1, v x, y 0 0      (2.21) 
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The dynamic boundary conditions (2.8) and (2.9) may be reduced to following 
conditions, at y=h, when terms of ~O (Є2) and higher are excluded 
yu 0   (2.22) 
2
yRep 2 v h
Ca

      (2.23) 
To study the influence of surface tension is one of the objectives of the current study. 
Therefore, to keep the surface tension term in the normal boundary condition (2.23), it is 
assumed that Ca~O (Є2). The strain rate term in the normal boundary condition (2.23) 
was neglected in the first two linear theories.
1, 2
 Later, in the linear theory by Spiers et. 
al.
3
 and the non-linear theory by Esmail and Hummel
5
 considered that strain rate term in 
the normal boundary condition at the free surface. 
Integration of equation (2.18) subject to the dynamic boundary condition (2.23) leads to 
the expression for the pressure distribution across the film thickness in the dynamic 
region as 
  2e y y
h
R p v v x, y h
Ca

         (2.24) 
The streamwise pressure gradient in (2.17) can be eliminated by using equation(2.24), 
leading to 
   
3
2 2
x y y y yyx
Re uu vu h v v x, y h u T
Ca


           (2.25) 
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here due to the mathematical manipulation, the surface tension and the strain rate term on 
the right hand side exhibit as ~O (Є3), and ~O (Є2) respectively. However, from equation 
(2.24) it is clear that the order of these two terms are  ~ O 1 and  ~ O   respectively 
under the assumption of  2Ca ~ O  . The equation (2.25) must be solved subject to the 
boundary conditions in the y direction given by equation (2.21) and (2.22) as 
     yu x, y 0 1, v x, y 0 0, u x, y h 0       (2.26) 
Three boundary conditions for the free surface, h, in the x direction remain same, and 
given by the matching boundary conditions(2.15). An additional boundary condition for 
T∞ will appear from the intersection of the dynamic region and the static meniscus region. 
The mass balance of the flow across any cross section in the dynamic region must be 
equal to that of in the constant thickness region. Therefore, the fluid flow rate given by 
equation (2.10) in the dynamic region must be equal to the fluid flow rate in the constant 
thickness given by equation(2.14), which leads to the following relationship: 
h 2
0
T
q udy 1
3
     (2.27) 
 
2.1.4 Matching conditions in the static meniscus region 
 
Following Landau and Levich
1
, it is assumed that the fluid is static close to the fluid bath 
surface which is exposed to the atmospheric pressure. Again, as this region is close to the 
fluid bath, the surface tension effect is dominant over the viscous effect, hence the fluid 
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can be considered as static in this region for the modeling purpose. The equations (2.5)
(2.6) can be reduced for the static meniscus region with the static fluid assumption as 
follows: 
2
xRep T     (2.28) 
yRep 0   (2.29) 
The dynamic boundary condition (2.9) reduced at y=h to 
 
2
3 2
2
h
Re p
Ca
1 h

 
  
  
  (2.30) 
The equation (2.29) implies that the pressure is a function of x only, and at any position 
of x it is balanced by the surface tension effect which is given by(2.30). Now, integration 
of equation (2.28) subject to the boundary condition, p(x=0)=0 leads to 
2Rep xT     (2.31) 
Now, combining equation (2.30) and (2.31) leads to 
 
2
3 2 2
2
CaTh
x
1 h
 
  
  
  (2.32) 
The slope of the free surface can be obtained by integrating (2.32) once, subject to the 
boundary condition, h   at x 0 as 
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 
2
2
1 2 2
2
CaTh
x 1
2
1 h
  
  
  
  (2.33) 
It has to be noted that, the fluid in the dynamic region is in motion whereas the fluid is 
static in the static meniscus region. Therefore, intersection of these two regions must 
provide a point where the velocity becomes zero, which is referred to as the stagnation 
point. Hence as one move down along the free surface from x x  to the static 
meniscus region, it is expected that a stagnation point will appear at the end of the 
dynamic region, STx x  from where the static meniscus region begins. However, the 
fluid film in the static meniscus region can be considered as a thin film close to the 
intersection of the dynamic region and the static meniscus region to match the solutions 
of these two regions. Therefore, equation (2.32) and (2.33) can be simplified to following 
when neglecting the terms of O(Є) and higher with respect to 1, which is applicable at the 
stagnation point:  
2
ST ST3
CaT
h x 

  (2.34) 
2
2
ST 2
2
x
CaT

   (2.35) 
here “ST” denotes that, these relationships are applicable close to the stagnation point. 
Combining equation (2.34) and (2.35) leads to 
2
STh 2CaT    (2.36) 
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so equation (2.36) is the matching condition at the stagnation point. 
The position of this stagnation point is unknown. Therefore, an additional condition is 
necessary to determine the position of this stagnation point where condition (2.36) is 
applicable. The linear theories
1-3
 linearize the governing equation by assuming h 1   
where   is a small quantity. This assumption enables the linear theory to apply the 
Landau and Levich boundary condition,
1
 h 0 , and hence h , where the value of 
 can be found by adjusting the solution with condition (2.36). However, an expression 
was derived by Lee and Tallmadge
6
 for the thickness at the stagnation point considering 
one dimensional flow approximation in the dynamic region. The expression is as follows 
2
STh 3 T    (2.37) 
Esmail and Hummel
5
 used equation (2.37) to determine the position of the stagnation 
point although two dimensional formulations were used in the dynamic region in their 
non-linear theory. In the current study, zero velocity is used at stagnation point which is 
consistent with the two dimensional formulations, and can be written as  
 ST, STu x x y h u 0      (2.38) 
Now, once a zero velocity, condition (2.38), is determined at the free surface as one move 
along the free surface from the intersection of the constant thickness region and the 
dynamic region, the matching condition (2.36) is be applied to match the dynamic region 
and the static meniscus region. Hence the static meniscus region assumption is not 
imposed on the flow to get the solution; rather it is assumed and applied to get the 
solution whenever it is applicable and necessary. 
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 2.1.5 Summary of equations 
 
Main focus of the current study will be to solve the dynamic region equation and then 
match the solutions with the constant thickness region and the static meniscus region. The 
dynamic region is governed by the following equations: 
x yu v 0    (2.39) 
3
2 2
yy
du
Re h S u T
dt Ca


        (2.40) 
where, 
 x y
du
uu vu
dt
    (2.41) 
 y y x
S v v x, y h        (2.42) 
It has to be noted that equation (2.40) must be solved subject to the boundary condition in 
the y direction given by 
     yu x, y 0 1, v x, y 0 0, u x, y h 0       (2.43) 
However, the matching boundary conditions for the coating thickness and the streamwise 
velocity at x=x∞ is given by respectively 
h 1, h 0, h 0      (2.44) 
2
2 yu 1 T y
2

 
   
 
 
  (2.45) 
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The fluid flow rate is given by 
1 2
0
T
q udy 1
3
     (2.46) 
The matching boundary condition for T  at x=xST is given by 
2
STh 2CaT    (2.47) 
Recall that zero velocity at the stagnation point is used as an additional condition to 
determine the computational domain  
 ST,y h STu x x u 0     (2.48) 
 
 
2.2 Solution procedure 
 
Traditionally, for Newtonian thin-film flow, the equations are solved by imposing a semi-
parabolic profile for the velocity and depth-averaging the equations across the film 
thickness. The strong nonlinear effects originating from inertia makes this approach 
infeasible. The solution process is obviously difficult due to the explicit y dependence of 
the velocity components. Formal handling of the transverse flow expansion was 
suggested earlier in the literature.
7
 The present study follows closely and generalizes the 
work of Zienkiewicz & Heinrich,
8
 with the exception that the transverse velocity 
component will not be neglected. 
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The free surface profile is unknown before the solution is obtained. Therefore, for ease of 
calculation the equations are first mapped onto a rectangular domain in order to apply the 
spectral method. All the flow variables are then expanded in terms of polynomial shape 
functions in the transverse direction. These polynomial shape functions are assumed to be 
orthonormal. The Galerkin projection is then applied in order to generate the equations 
that determine the expansion coefficients. This is a similar approach to the ones 
developed previously for two-dimensional coating flow of Newtonian fluid.
9-10
 
2.2.1 Mapped equations 
 
The following mapping variables are introduced: 
   
 
y
x, y x, x, y ,
h x
      (2.49) 
with [0,1] . 
The mapped equations corresponding to equations (2.39) (2.42)  are as following 
(details in appendix B): 
h 1
u u v 0
h h
  

     (2.50) 
3 2 2
2
du h 1
Re S u T
dt Ca h
 

         (2.51) 
where,  
du h 1
uu uu vu
dt h h
  

     (2.52) 
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   
2
1 h
S v v 1 v v v 1
h h
    

                 (2.53) 
The boundary conditions given by equation (2.43) are transformed into the mapped 
equations by following: 
     u , 0 1, v , 0 0, u , 1 0          (2.54) 
The matching boundary condition at x x , given by equation (2.44) remains same, and 
equation (2.45) transformed into 
2
2u 1 T
2

 
   
 
 
  (2.55) 
The fluid flow rate equation (2.46) is transformed to 
1 2
0
T
h ud 1
3
     (2.56) 
The matching condition (2.47) at the stagnation point and the condition for the length of 
the dynamic region given by equation (2.48) remain same in the mapped equations. 
 
2.2.2 Spectral expansions and shape functions 
 
In this paper, the flow is expanded in terms of appropriately chosen modes in the y 
direction, and the Galerkin projection method is applied to generate the equations that 
govern the expansion coefficients. The procedure is closely related to but generalizes the 
formulation of Zienkiewicz and Heinrich
8
 for the flow of a thin-film, and includes the 
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depth averaging scheme as a limit case. Esmail and Hummel
4
 obtained the solution for x-
momentum equation by direct method of Galerkin, but the solution was limited to the 
first term only. In particular, the streamwise velocity, u(χ,η), is formally expanded in 
terms of the orthonormal shape functions,  i   as follows: 
     
M
i i
i 1
u , 1 U

         (2.57) 
where M is the number of modes, Ui(χ), are the unknown expansion coefficients to be 
determined. In this case, after simple substitution of (2.57), equation (2.50) becomes 
 i i i i1U h U v 0
h

         (2.58) 
where a prime denotes the total differentiation. Note that the Einstein summation 
convention is used here and below. In this case, the transverse velocity component, v, is 
determined by integrating equation(2.58), and using the no-penetration condition(2.54), 
at the moving plate, to give:  
   i i i iv , h U hU          (2.59) 
where  i i0 d

     . In this case, momentum equation (2.51) becomes 
3 2 2
i i2
du h 1
Re S U T
dt Ca h


          (2.60) 
where, 
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 j j j j i j i j i j i j j idu h hU U U U U U
dt h h
                  
 
 (2.61) 
      
2
2
i i i i i i i i i
h h h
S U 2 U U U 1
h h h
                  
 
 (2.62) 
In addition to the condition of orthonormality the shape functions must also satisfy the 
two boundary conditions, hence assuming orthonormality, equation (2.54) imposes the 
following restrictions on the shape functions, i : 
   i j ij i i, 0 1 0            (2.63) 
where ij is the Kronecker delta, and  denotes the integration over the interval 
η[0,1]. The commercial software Maple 14 is used to determine the shape functions 
upon imposing the conditions mentioned in equation (2.63). In this case, the first four 
modes are explicitly given here (details in appendix C): 
   21 1.369306394 2 ,     (2.64) 
  32
214.37947242 27.41086931 11.68332134        (2.65) 
  43
3 280.71405920 183.7797041 126.9250756 25.36727576          (2.66) 
  54
4 3
2
389.9481091 1057.955806 994.0722611
372.4078288 44.68155413
        
  
 (2.67) 
The matching conditions on the velocity given by equation (2.55) at x x becomes, 
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   
2
2
i iU T
2
 
 
      
 
  (2.68) 
At this stage it is necessary to derive a relation between the film thickness, h, and the 
unknown expansion coefficient, Ui. The equation (2.56) provides the required relation 
which can be written as following by substituting (2.57): 
 
2
i i
T
h 1 U 1 1
3
        (2.69) 
2.2.3 Galerkin projection 
 
There are M + 3 unknowns in the problem, namely the M Ui coefficients, h , h and h . 
The Galerkin projection is done by multiplying equations (2.60) (2.62) with the shape 
functions, i , followed by an integration over the interval η  [0, 1]. Therefore, M 
equations are readily generated using the Galerkin projection of equations(2.60) (2.62), 
to give 
3 2 2
k k k i i k k2
du h 1
Re S U T
dt Ca h


              (2.70) 
where, 
 
k j j k j j k i j i j k
i j i j j i k
du h h
U U U U
dt h h
U U
 
             
     
 (2.71) 
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 
    
k i i k i i k
2
2
i i k i i i k
h h
S U 2 U
h h
h
U U 1
h
           
            
 
 (2.72) 
Let consider, 
 
   
  
k k jk j k
jk j k ijk i j k
ijk i j j i k ik i k
2
ik i k ik i k
ik i i k ik i k
C0 , C1 ,
C2 , C3 ,
C4 , C5 ,
C6 , C7 ,
C8 1 , C9 ,
    
       
         
       
       
 (2.73) 
Now considering the coefficients defined by equation(2.73), equations (2.70) (2.72) can 
be written to the following compact form: 
3 2 2
k k k i ik k2
du h 1
Re C0 S U C9 T C0
dt Ca h


          (2.74) 
where, 
k j jk j jk i j ijk i j ijk
du h h
U C1 U C2 U U C3 U U C4
dt h h
 
       (2.75) 
2
k ik i ik i ik i ik
h h h
S C5 2 U C6 U C7 U C8
h h h
          
 
 (2.76) 
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The solution of the ordinary differential equation (ODE), equation(2.74), requires the 
boundary conditions for U’s, and the matching boundary conditions for h, h  and h  
along x. These matching boundary conditions are imposed at    , and ST   . 
Although the problem is a boundary value one, but it can be simplified to an initial-value 
problem (IVP).  The solution process starts with a guess value for T  from    . 
After the solution is obtained for the guess value of T , the stagnation point is 
determined. Once the stagnation point is determined on the free surface, the matching 
condition is checked at ST.   Therefore, the actual problem is a boundary value 
problem which is solved by the shooting method in the current study. It has to be noted 
that, the numeric value for the position of  and ST  is unknown, and these 
information’s are necessary to solve the ODE (2.74), as an IVP. However, ODE (2.74) is 
independent of the position x. Therefore, the origin of the problem can be shifted from 
the fluid bath surface to the intersection of the constant thickness region and the dynamic 
region as illustrated in figure 2.2. Comparing figure 2.1 and figure 2.2, x x     can 
be replaced by  x 0    from now on, but the stagnation point will remain same as
ST STx x   .    
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Figure 2. 2 Schematic illustration for shifted coordinates for the thin-film entrained by a 
flat plate moving upward from the fluid bath. The figure shows the dimensional 
notations. 
 
 
 
 
 
STx x  
x 0  
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Now, the initial matching boundary conditions at x 0    on the velocity coefficients 
can be deduced from equation (2.68) by using the orthonormality of the shape functions 
in a compact form as 
   2i i iU 0 T C12 , U 0 0        (2.77) 
where 
2
i iC12
2
 
    
 
. 
The starting value procedure of Landau and Levich
1
 modified the matching conditions at 
x 0   , which is given by equation (2.15) to 
     h 0 1 , h 0 , h 0                 (2.78) 
here α is a very small value. Smaller the value of α, more accurate the matching condition 
is. Spiers et al
3
 used 5e-4 for α, however, in the current study a value of 1e-5 is used for α 
which is smallest compared to literature.  
The fluid flow rate equation (2.69) can be written in a compact form as 
 i ih 1 U C10 C    (2.79) 
where  i iC10 1  and 
2T
C 1
3
  . 
The matching boundary condition given by equation (2.47), at ST STx x   remains 
same, and combining equation (2.48) and (2.57) leads to respectively 
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2
STh 2CaT    (2.80) 
 i ST i1 U C11 0     (2.81) 
where  i iC11 1  . 
It should be noted that, in the current study the Reynolds number is defined in terms of 
the unknown coating thickness, hence it is not an independent parameter. However, the 
Reynolds number in equation (2.70) can be replaced by  
3
2Re T Ca  , which can be 
obtained from its definition where, 
1/3
4g
 
   
  
is the dimensionless parameter.
4
 
Presence of this dimensionless parameter was first observed by Soroka and Tallmadge.
11
 
As the withdrawal speed, and the fluid properties are known, hence the Capillary number, 
Ca, and dimensionless parameter,  , are also known. Therefore, the Reynolds number, 
Re, is expressed completely in terms of the unknown dimensionless number, T , which 
indicates that no more additional boundary condition is necessary for the Reynolds 
number.  
 
The higher modes solution for ODE (2.74) requires a fully implicit scheme. In the current 
study ode15i, which uses the variable order method is used in MATLAB to solve the 
problem when the higher modes are considered. However, in case of the first mode 
solution, ODE (2.74) can be rearranged explicitly. The 4
th
 order Runge-Kutta method is 
used to solve the set of explicit ODE’s when the first mode solution is investigated, as the 
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explicit solver ode45 is faster than the fully implicit ode15i solver. At the beginning of 
the solution process a set of ODE’s are generated from equation(2.74). The constants 
appear in equations (2.74) (2.77), (2.79) and (2.81) are evaluated in MATLAB. Then 
value for the capillary number, Ca, and dimensionless parameter,  , are being fixed 
followed by a guess value for the unknown parameter, T . Once a guess value is selected 
for T , the matching boundary condition for the streamwise velocity coefficients are 
calculated from equation(2.77). The equation (2.79) is used to substitute the M
th
 velocity 
co-efficient in terms of h and the lower mode velocity co-efficients. Now, solution is 
carried out for a set of ODE’s given by equation (2.74) starting from x=0 with an initial 
boundary condition given by equation (2.77) and(2.78). The solution is continued until a 
zero velocity is obtained at the free surface, which is given by equation(2.81). Then the 
solution is checked if it satisfies the matching boundary condition at the stagnation point, 
equation(2.80). If the matching boundary condition is not satisfied then T  is increased 
by 0.001 which then set as a new guess value and the solution is carried out again. This 
iterative process continues until the matching boundary condition, equation(2.80), is 
satisfied. Once the condition (2.80) is satisfied then the guess value for T  represents the 
actual solution for the corresponding Ca and  . The solution is carried out for a wide 
range of Ca depending on the value of  , which will be discussed in detail on the results 
sections. 
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2.3 Results and Discussion 
 
The formulations and the numerical implementation discussed above are now used to 
study the flow of the thin-film entrained by a flat plate which is shown schematically in 
figure 2.2. The physical domain for the fluid film in the dynamic region is assumed to 
extend from x=0 to x=xST, which will be determined during the solution procedure as 
mentioned above. The solution will be carried out by two approach namely the spectral 
O(1) and O(Є) model. The solution obtained by the spectral approach for O(1) and O(Є) 
formulation will be compared with the existing theories, and validation will be done 
against the experimental results reported in the literatures. The influence of inertia and 
fluid properties are investigated. The current study also involves a solution of the dip 
coating problem with the commercial software FLUENT by Volume of Fluid Method 
(details in appendix E). Results obtained from the VOF model will be validated against 
the spectral O(Є) solution and the experimental results.  
2.3.1 O(1) solution of the flow field 
 
The investigation of the steady Newtonian flow begins with the analysis by neglecting 
the terms with a magnitude of ~O(Є)  and higher in the equations (2.74) (2.76) (details 
in appendix D). However, in the dip coating process, the characteristic length scale is the 
constant coating thickness, H , hence once the lower order terms are dropped the aspect 
ratio,  , is set to 1, which means that H is used as a length scale in the both directions. 
Figure 2.3 illustrates the variation of the streamwise velocity expansion coefficients, Ui, 
against the position, x, in the dynamic region when inertia is neglected. It can be noted 
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from figure 2.3 that the expansion coefficients for the higher order modes, iU 2 , are 
essentially become zero, which implies that the first mode is the dominant one over the 
higher order modes. It can be observed from figures (2.3) (2.4) that the values of the 
expansion coefficients remain constant at the beginning of the dynamic region which is 
given by equation (2.77) as a matching condition at the intersection of  the constant 
thickness region and the dynamic region, and starts to increase slowly with the position 
and reaches a linear rate of increment with respect to the position as it moves to the 
stagnation point. Figure 2.4 exhibits similar variation of the streamwise velocity co-
efficients along the position when inertia is considered, 0.061  . It can be concluded 
from the figures (2.3)-(2.4) that, the one mode solution is sufficient enough for the 
formulations and the solution procedure developed for the dip coating process in the 
current study. Therefore, as far as the first mode solution is concerned, the solution will 
be carried out by 4
th
 order Runge-Kutta method with double precision, as it makes the 
solution process easier and faster. From now on results will be shown based on the first 
mode only as it is found to be the dominant one over the higher order modes. 
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Figure 2. 3  Dependence of the expansion coefficients on the positions for Ca=0.005 and
0  . Note that the coefficients iU 2 are essentially zero.  
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Figure 2. 4 Dependence of expansion coefficients on the positions for Ca=0.01 and
0.061.  Note that the coefficients iU 2 are essentially zero. 
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2.3.2 O(Є) solution of the flow field  
 
In this section the solutions will be discussed based on equations(2.74) (2.76), where the 
terms of O(Є2) and higher are neglected. However, like the O(1) model, aspect ratio,Є, 
will be set equal to 1 once the higher order terms are dropped. The results for the O(1) 
model will be included in this section for the complete comparison. Figure 2.5-2.8 
illustrates how the non-dimensional coating thickness, T , varies with the capillary 
number, Ca.  
Figure 2.5 illustrates that the O(Є) model predicts a higher non-dimensional coating 
thickness compared to the O(1) model at any capillary number. The spectral O(1) model 
neglects the strain rate term in the formulation which is responsible for the change of the 
film thickness. Therefore, the spectral O(1) model fails to predict the non-dimensional 
coating thickness, and provides a very low prediction compared to the spectral O(Є) 
model.  The dimensionless parameter,  , introduces the inertial term in the Navier-
Stokes equation, and creates the family of curves. When inertia is neglected, 0  , O(Є) 
model reaches a constant value for the non-dimensional coating thickness whereas the 
O(1) model shows a linear trend of increase. When the inertia is considered, 0  , T  
branches out from 0  curve to reach a maximum value and starts to decrease, and both 
the spectral models exhibit the same trend. This branching occurs due to the effect of 
inertia, and it is found that this branching starts approximately at Re 0.005 . Difference 
between the predictions of the non-dimensional coating thickness by the two spectral 
model decrease as the dimensionless parameter,   increases, which indicates that when 
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the inertia becomes dominant at the low capillary number then the O(1) model provides 
closer results with the O(Є) model.   
It can be found from the literature that the linear theories neglect the inertial term, 0  , 
and linearize the governing equation in the entire dynamic region by the assumption that 
the  film thickness remains close to the constant coating thickness, h 1 where  is a 
small quantity.
12
 This assumption enables the linear theory to obtain a constant curvature 
value, h 0 , at the intersection of the dynamic region and the static meniscus region 
which is obviously not the case. Figure 2.6 exhibits the comparison of the both spectral 
models when 0   with the linear theories.1-3 The linear theories predict higher non-
dimensional coating thickness compared to the both spectral models but the O(Є) model 
exhibits closer agreement with the linear theories. Due to the linearization the linear 
theories neglect the curvature of the film in the dynamic region even close to the 
stagnation point. Therefore, to satisfy the matching condition at the stagnation point 
where the film thickness is obviously higher compared to the constant coating thickness, 
the linear theories predicted a higher coating thickness. Again, for a given fluid and 
capillary number, a higher coating thickness indicates a higher non-dimensional coating 
thickness. So it can be conclude that, as a effect of linearization the linear theories predict 
a higher non-dimensional coating thickness compared to the spectral O(Є) model at a 
given capillary number. First linear model proposed by Landau and Levich
1
 is limited to 
very low withdrawal speed, 
2Ca 10 ,
13
 since the gravity and the normal stress at the 
normal boundary condition, equation (2.23), is neglected in the dynamic region. The 
relationship between T  and Ca can be written in the form:
1
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1 6T 0.944Ca     (2.82) 
Wilson
13
 presented a slightly better prediction which indicates that the Landau and 
Levich result is an asymptotic solution, and valid as capillary number tends to zero, 
which can be written for the vertical withdrawal of a flat plate as follows: 
1 6 1 2T 0.944Ca 0.10685Ca .....     (2.83) 
The gravity corrected theory by White and Tallmadge
2
 improved the formulation of 
Landau and Levich by including the gravitational force in the dynamic region. Gravity 
acts in downward direction, and drains off the liquid from the moving plate; therefore, 
gravity corrected theory estimates a lower thickness compared to the Landau and Levich 
prediction and can be written as
2
 
1 6
2 3
2
T
0.944Ca
1 T



 
 
  (2.84) 
Spiers et. al.
3
 corrected the normal boundary condition, equation(2.23), by including the 
normal stress at the free surface which predicts the coating thickness as 
  1 6
2 3
2
T
0.944 Ca,T Ca
1 T



  
 
 
  (2.85) 
where  Ca,T  is second derivative of the free surface at the stagnation point, which is 
the matching condition at the stagnation point as well, and is a function of T and Ca, 
unlike constants reported as 0.63 by Landau and Levich
1
 and 0.642 by White and 
Tallmadge.
2
 Again, as the strain rate term is included in the formulation, Spiers et. al.
3
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predicted a higher non-dimensional coating thickness compared to White and Tallmadge
2
 
although gravity is considered by Spiers et. al. However, all the linear theories provide a 
single relationship between T and Ca. The linear theories were unable to fit the 
complete set of experimental results,
3,5,14-17
 which reveals that there are multiple 
relationships exist between T  and Ca depending on the properties of the coating fluid. 
Therefore presence of an additional dimensionless group is necessary which will create 
multiple relationships.      
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Figure 2. 5 Comparisons between the spectral  O(1) and O(Є) models for the predictions 
of non-dimensional coating thickness with respect to the capillary number at different 
values ( M=1 ) 
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Figure 2. 6 Comparisons between the spectral O(1) and O(Є) models with linear theories 
for the predictions of non-dimensional coating thickness with respect to the capillary 
number ( 0  ) 
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The non-linear theory developed by Esmail and Hummel
4, 5
 included the inertial term and 
solved the approximate 2-D Navier-Stokes equation by the depth average method. Esmail 
and Hummel
4
 was able to answer the existence of the multiple relationships between T  
and Ca in their non-linear theory. Ordinary differential equation for the free surface in the 
dynamic region reported by Esmail and Hummel
5
 is re-derived and can be written as 
follows: 
 
23 3 2 2
2 2 2 3
s s s s3 2
h d h 3 d h 2 h dh dh
h h h Re h 3h 3h h T h 0
Ca 2 15 5 d dd d
    
                    
(2.86) 
which is solved subject to the matching boundary condition given by equation (2.78).The 
matching conditions at the stagnation point and condition for the stagnation point 
thickness are given by  
   2 2h 2 Ca T h 1 0         (2.87) 
2
Sh 3 T    (2.88) 
The equation (2.88) is derived by Lee and Tallmadge
6
 under the assumption of the one 
dimensional flow approximation; hence its use to predict the stagnation point thickness in 
a two dimensional flow is questionable. In the current study, a new set of solutions are 
obtained for the existing non-linear theory formulation, equation (2.86). Figure 2.7 
exhibits the discrepancy between the results reported by Esmail and Hummel, and the 
results obtained in the current study for the same set of equation and boundary conditions 
(2.86)-(2.87). It can be seen from the figure that according to the current study the 
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existing non-linear theory predicts a lower T   compared to that reported by Esmail and 
Hummel.
4
 Branching of the curves in figure 2.7 are due to the effect of inertia, and this 
branching starts at a lower Reynolds number then reported. It is found that this branching 
starts when Re 0.005 , but according to Esmail and Hummel it starts when Re 0.1 .
4
 
The maximum T  for any dimensionless number,  , occurs at a higher capillary number 
according to the current study than it was reported previously.
4
  
For a guess value of T  there is an expected stagnation point thickness, which is given 
by equation (2.88). Now, once the solution for equation (2.86) is obtained, difference 
between the resulting stagnation point thickness and the expected stagnation point 
thickness provides the error for the matching boundary condition at the stagnation point. 
The relative error, E-HST is obtained by dividing the difference with respect to the 
expected stagnation point thickness. E-HST is maintained below 0.1% while solution is 
sought for the existing non-linear formulation. The existing non-linear theory predicts a 
lower T  compared to the spectral O(Є) solution according to the current study, which is 
shown in figure 2.8 for different dimensionless number,  . Branching of curves in figure 
2.8 occur due to effect of inertia, and start almost at the same capillary number. In case of 
spectral O(Є) solution E-HST can be obtained by using equation (2.79) and (2.81) instead 
of equation (2.88) for the expected stagnation point thickness. However, another relative 
error, E-DPHST, need to introduce for the determination of the relative error for 
satisfying the matching condition, equation (2.80), at stagnation point. In case of the 
spectral O(Є) solution E-HST and E-DPHST is maintained below 0.2 % and 0.8% 
respectively. In figure 2.9 maximum E-HST and E-DPHST is shown for each    values. 
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Figure 2. 7 Comparisons between the reported solution and the solution according to the 
current study for the existing non-linear theory
5
 at different  values. 
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Figure 2. 8 Comparison of the spectral O (Є) solution with existing non-linear theory5 
according to the current study for different   values. 
 
 
 
 
 
 
 
53 
 
 
 
0 2 4 6 8 10 12 14 16 18 20
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
Gamma
E-HST = Stagnation point thickness error ; E-DPHST = stagnation point matching B.C. error
E
rr
o
r 
( 
%
 )
 
 
E - HST
E - DPHST
 
 
Figure 2. 9 Percentage of relative error in determining the film thickness and the 
matching boundary condition at the stagnation point for the spectral O(Є) model.  
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An extensive range of experimental results can be found from the literatures
3,14-17
. Figure 
2.10-2.12 illustrates the variation of coating thickness, H , with respect to the 
withdrawal speed, U in the dimensional scale for the different dimensionless parameter, 
 . In these figures experimental results obtained from the literature14-17 for the 
Newtonian fluids are plotted against the spectral O(Є) model predication. Light 
absorption technique was used by Groenveld
14
 to measure the coating thickness which is 
shown in figure 2.10, whereas micrometer is used Gutfinger and Tallmadge
15
, and Soroka 
and Tallmadge
16
 , which are shown in figure 2.11 and 2.12 respectively. It can be seen 
from these figures that the coating thickness increases linearly with respect to the 
withdrawal speed up to a certain value depending on the value of  , and then the rate of 
the increment decreases due to the effect of inertia. Recall from figure 2.8 that, the 
dimensionless coating thickness, T , decreases after reaching a maximum value as 
capillary number increases, although the actual thickness, H , is increasing. The reason 
for this is due to the fact that, T H U   for any particular fluid, hence when the 
ratio of H and U decreases, the value of T  decreases as well, although H  and 
U  are increasing. Therefore, it is important to compare the experimental data in the 
dimensional graph to get the actual relationship between U  and H . When the 
withdrawal speed increases more fluid leaves the fluid bath at a higher velocity and the 
meantime get less to time drain off from the moving plate as the gravity is present. 
Therefore, the coating thickness increases with increase of the withdrawal speed at any   
values, as shown in figure 2.10-2.12. However, for a fixed withdrawal speed the 
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thickness increases as the value of   decreases. From the definition of   it is obvious 
that when viscosity increases the value of   decreases. Therefore, 0   indicates that 
coating fluid is highly viscous. Now, For the same withdrawal speed as the viscosity of 
the fluid increases the viscous force acting on the fluid increases as a result fluid 
overcomes the effect of gravity and surface tension resulting a higher coating thickness. 
Therefore, it can be seen from figure 2.10-2.12 that the coating thickness increases for the 
same withdrawal speed as the value of   decreases or on other words viscosity of the 
fluid increases. However, figure 2.10-2.12 indicates that, the current spectral model 
provides very close agreement with the experimental results. 
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Figure 2. 10 Comparison between Groenveld’s14 experimental results and the spectral 
O(Є) model. Solid lines indicate the spectral model prediction.  
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Figure 2. 11 Comparison between Gutfinger and Tallmadge’s15 experimental results and 
the spectral O(Є) model. Solid lines indicate the spectral model prediction. 
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Figure 2. 12 Comparison between Soroka and Tallmadge’s16 experimental results and the 
spectral O(Є) model. Solid lines indicate the spectral model prediction. 
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Inertia plays an important role to shape the free surface in the dynamic region. Figure 
2.13-2.14 illustrates how the thickness of the film in the dynamic region, h, changes with 
the position, x, for the different capillary number, Ca. Figure 2.13 shows that when 
inertia is neglected, 0  , the length of the dynamic region and the thickness at the 
stagnation point reduces gradually with the increase of capillary number. Now, at a 
higher capillary number, surface tension becomes less important compared to the viscous 
force, and as a result of that surface tension has less control on the shape of the free 
surface. So, as the capillary number increases, the fluid motion due to the plate 
movement dominates over the surface tension, and thus the film reaches the constant 
coating thickness quickly at a higher capillary number, hence reduces the length of the 
dynamic region. A different scenario is observed when inertia is considered, which is 
reported in figure 2.14. From figure 2.14 a similar trend can be observed for the free 
surface profile at low capillary numbers although inertia is considered, 0  . But when 
inertia starts to dominate the length of the dynamic region starts to increase along with 
the stagnation point thickness, which indicates that when inertia, viscous force and 
surface tension are into action it takes longer length for the film to reach equilibrium. 
Similar results are obtained for other values of the dimensionless number,  , which will 
not be reported here. It can be seen from both figures that at the beginning, film thickness 
remains equal to the constant thickness region and start to increase slowly to a constant 
value.  Figure 2.15 illustrates the distribution of free surface velocity, us, against the 
position, x, in the dynamic region in the absence of inertia. Similar results are obtained 
for other values of the dimensionless parameter,  , which will not reported here. Figure 
2.15 exhibits that surface velocity starts from a value governed by the matching boundary 
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condition, equation (2.77)and the fluid flow rate equation (2.79), and then decreases to 
zero, which indicates as one moves from the constant thickness region to the static 
meniscus region will experience a stagnation point, xST, hence the assumption of 
stagnation point is justified. Again the matching boundary condition at the stagnation 
point, equation (2.80), is not imposed to the solution procedure; rather it is used 
whenever it appears to be applicable. 
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Figure 2. 13 Free surface profile at different capillary number for the spectral O(Є) 
model. ( 0   ). 
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Figure 2. 14 Free surface profile at different capillary number for the spectral O(Є) 
model.( 0.641   ). 
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Figure 2. 15 Free surface velocity profile at different capillary number for the spectral 
O(Є) model. ( 0   ). 
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The position of the stagnation point is important, as it provides the answer for the length 
of the dynamic region which is unknown a priori. It is found that the length of the 
dynamic region highly depends inertia. The effect of inertia on the length of the dynamic 
region is illustrated in figure 2.16 where the lower end of the dynamic region namely the 
stagnation point, xST , is plotted against the capillary numbers, Ca. It is clear from the 
figure 2.16 that when inertia is neglected, 0  , the length of the dynamic region 
decreases to a constant value  as capillary number increases. However, when inertia is 
considered, 0  , the dynamic region length reaches a minimum value, depending on the 
dimensionless parameter,  , and then increases again. Similar pattern can be found for 
the stagnation point thickness, hST , and for the fluid flow rate, q, with respect to the 
capillary number as shown in figure 2.17 and 2.18 respectively. The dimensionless 
parameter,  , creates these family of curves as it introduces inertia into the Navier-
Stokes equation, and these branching starts approximately at Re 0.005 . Therefore, it 
can be concluded that dip coating process is highly inertia dominated. However, solution 
could not be carried out above Reynolds number approximately 15 for each value of  , 
which indicates that at very higher Reynolds number assumptions, made in the current 
study breaks down. Yih
18
 showed that, flow of thin liquid films is unstable to wave 
disturbances at higher Reynolds number but at lower Reynolds number thin liquid films 
are always stable. Therefore, it can be conclude that breaks down of the assumptions in 
current study at higher Reynolds number might be due to the presence of the wave 
disturbances.  
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Figure 2. 16 Variation of the dynamic region length with capillary number for the 
spectral O(Є) model at different   values. 
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Figure 2. 17 Variation of the stagnation point thickness with capillary number for the 
spectral O(Є) model at different   values. 
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Figure 2. 18 Variation of the mass flux with capillary number for the spectral O(Є) 
model at different   values. 
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2.3.3 Validation of the VOF model  
 
The solutions obtained by VOF model (details in appendix E.) involves assumption 
regarding the physical domain and the boundary conditions that have been used to get the 
solutions. Therefore, it is essential at this stage to validate the results obtained by VOF 
method. From the previous sections it has been found that the spectral O(Є) model 
exhibits better agreement than existing non-linear theory when compared with 
experiment. Therefore, validation of the proposed VOF model will be done against the 
spectral O(Є) model for three different fluids as mentioned in table E.3. The solution 
corresponding to the dimensionless number 5.0   will be validate against the 
experimental results reported by Groenveld.
14
 Determination of the constant coating 
thickness is the main objective as far as dip coating process is concern. Hence validation 
will be done based on the constant coating thickness. Figure 2.19 illustrates the validation 
of the numerical simulation results against the experimental result and spectral O(Є)  
solutions for the corresponding dimensionless number,  . Solutions given by VOF 
method matches closely with the spectral O(Є) solution for all   values. Figure 2.20 
shows the variation of the free surface with respect to time for U= 20cm/s and 
=0.432, which illustrates that the film reaches the steady state condition at 150sec. Time 
required to reach steady state for other withdrawal speeds are shown in table E.6. 
Numerical simulation by commercial FLUENT gives slightly better matching with 
experiment but it takes 2 weeks of continuous simulation time to get the result for each 
withdrawal speed whereas solutions for the entire range of withdrawal speeds can be 
obtained within few minutes by the spectral O(Є) model.  
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Figure 2. 19  Validation of the VOF model results against the spectral O(Є) and 
experimental results.
14
 Solid lines indicate the spectral O(Є) model prediction. 
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Figure 2. 20 Variation of the free surface with respect to time for the withdrawal speed,  
U=20 cm/s and 0.432   
 
 
 
 
 
 
 
Coating thickness H= 2.26 mm 
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CHAPTER-3 
CONCLUSION 
 
3.1 Concluding remarks and summary 
 
The two dimensional flow of a Newtonian fluid entrained by a moving flat plate is 
examined in this study. A general thin-film formulation is developed considering the 
effect of inertia. The adopted thin-film formulation is consistent to keep the terms in both 
the governing equations and the boundary conditions. The entire film is divided into three 
separate regions where appropriate assumptions are applied. The general governing 
equations and the boundary conditions then reduced for each region subject to the 
assumptions applicable to corresponding region. The differential equation for the free 
surface is solved in the dynamic region subject to the matching boundary conditions so 
that the solutions are continues to all regions.  
A spectral methodology is proposed to tackle the flow of the thin-film which is developed 
due to the movement of the flat plate. Two spectral model is considered namely O(1) 
model and O(Є) model, where second model is found more accurate, as expected, as it 
includes higher order terms compared to previous one. The method appears to converge 
at first mode in case of O(1) model. Similar results are obtained regarding the influence 
of higher order modes in case of confined thin film flow
2
. As the first modes appears to 
be the dominant one over the higher order modes, in case of the spectral O(Є) model only 
the first mode is considered, and accuracy of the solution is confirmed by the validation 
against the existing theories and experimental results from the literature
3-9
. Within the 
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error expected from thin-film approximation excellent agreement is obtained for the 
spectral O(Є) solution with experiment when the constant coating thickness is compared. 
It is found that the dip coating flow is highly dependent on inertia. The inertia starts to 
dominate over the surface tension and viscous force at Re 0.005 . However, the spectral 
solution starts to breakdown at Re 15 .    
A 2-D numerical method is developed by multiphase VOF method in ANSYS FLUENT 
to simulate the flow field of the dip coating process. As the shape of the free surface is 
not known before the solutions obtained time dependent approach is considered to solve 
the Navier-Stokes equations which are shared by the both fluids. Once the flow reaches 
the steady state condition, the coating thickness obtained by VOF model is validated 
against the spectral O(Є) solution and experimental results7. Excellent agreement is 
obtained when comparing with spectral and experimental solutions. The boundary 
conditions used in the VOF model can be modified from the results obtained from the 
spectral solution, especially the bottom symmetry boundary condition to the mass flow 
inlet. 
 
3.2 Future Work 
 
Although the current study focuses solely on the steady state flow of the fluid film 
entrained by a moving wall, as an expansion to current work, the following can be done: 
a) Other thin film configurations and a variety of boundary conditions can be easily 
examined using the current methodology. This includes, the flow of a converging 
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film,
2
 the flow in a diverging channel and/or induced by the translation of the 
lower channel plate as in lubrication flow. Once the problem is mapped as in 
section 2.2 and appropriate boundary conditions are used, the solution 
methodology remains the same. Moreover, based on the present findings, it is 
expected that the level of error remains sensibly the same when the spectral model 
is applied to the boundary layer flow in other configurations. 
b) A linear stability analysis can be performed to examine the stability of the steady 
state computed in this thesis. 
c) In the current study only the steady flow of an entrained film by moving wall is 
investigated, but it can be extended to analyze the transient flow due to the initial 
acceleration of the plate. 
d) The Newtonian fluid is considered in the present study, but it can be extended to 
the viscoelastic fluids. A first approach can be initiated by considering the 
constitutive equation for Oldroyd-B fluid which provides a quite simple 
viscoelastic model for dilute polymeric solutions. 
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Appendix A. Dynamic boundary conditions at free surface 
In general if a free surface is given by  F F X,Y 0  then its normal is given by 
FN , and unit normal is given by 
F
F

 

n , the plus and minus signs corresponding 
to n pointing away from and toward the free surface, respectively. In this case 
F
F

 

n   (A.1) 
Now as shown in figure 1.1 the free surface is given by  Y H x so  F Y H x  also
F H   i j. Following equation (A.1) unit normal to the free surface is transformed as 
x y
2 2
H 1
n n ,
H 1 H 1

    
  
n i j i j   (A.2) 
where unit tangent to the free surface is  
x y
2 2
1 H
s s
H 1 H 1

   
  
s i j i j   (A.3) 
Traction and shear stress for Newtonian fluid are given respectively by, 
P   t n τ n   (A.4) 
 xx x yy y xy yx x y2 U ; 2 V ; V U            (A.5) 
However, traction at the free surface is balanced by surface tension, and can be written as 
R

 t n   (A.6) 
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where radius of curvature is defined by equation (2.2). 
Now considering the component of traction in the tangential direction at free surface, 
equation (A.5) can be written in indices form as following 
i ij js n 0    (A.7) 
Therefore, equation (A.6) can be written explicitly by applying Einstein summation 
convention as 
 x x xx x y y x xy y y yys n s n s n s n 0         (A.8) 
Substitution of equation (A.2), (A.3) and (A.5) into equation (A.7) leads to the tangential 
boundary condition at free surface by 
 
 y x y x2
2H
U V V U 0
1 H

   

  (A.9) 
Similarly component of traction in the normal direction at the free surface leads to the 
normal boundary condition at the free surface as follows: 
 x y yP H V U 2 V
R

        (A.10) 
However, introducing the dimensionless variables from equation (2.1), the dynamic 
boundary conditions at the free surface, y=h, given by equations (A.9) and (A.10) can be 
reduce to the equation (2.8) ad (2.9) respectively.  
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Appendix B. Mapping equations 
 
Recall the mapping variables introduced by equation (3.1) 
   
 
y
x, y x, x, y ,
h x
      (B.1) 
 with [0,1] . 
Now for any variable  z z ,    following expression can be obtained: 
x
h
z z z
h
 

    (B.2) 
y
1
z z
h
   (B.3) 
 
2
2 2
xx 2
h h
z z 2h hh z 2 z z
h hh
   
   
        
 
 (B.4) 
yy 2
1
z z
h
   (B.5) 
xy 2 2
1 h h
z z z z
h h h
  
 
     (B.6) 
   y
1
z x, y h z 1
h
      (B.7) 
     y 2 xx
h 1
z y h z 1 z 1
hh
 

              (B.8) 
Therefore, replacement of z by u and v in the equations (B.2)-(B.8) followed by 
substitution of those expressions into the equations of (2.35)-(2.38) will lead to the 
mapped equations of (3.2)-(3.5). 
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 Appendix C. Orthonormal shape functions 
 
Let i is the orthonormal shape function in transverse direction. Following restrictions 
are applied on the shape function as mentioned in equation (3.15). 
   i j ij i i, 0 1 0            (C.1) 
Upon use of above conditions following Maple code is used to get the orthonormal shape 
functions shown in equations (3.16)-(3.19): 
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Appendix D. Formulation for  O 1  model 
 
In case of spectral  O 1 model terms with an order of  ~ O   and higher will be 
neglected in the formulations discussed in chapter 2. Formulation for constant thickness 
region and the dynamic region remain the same. The governing equations (2.16) (2.18) 
in the dynamic region will be reduced to following for spectral  O 1  model:  
x yu v 0    (C.2) 
  2x y x yyRe uu vu Rep u T        (C.3) 
yRep 0   (C.4) 
To investigate the effect of inertia is one of the main objectives of the current study. 
Therefore, it is assumed that  1Re ~ O  , under which assumption the inertial term and 
the pressure gradient term in equation (C.3) remain present. No-slip, no-penetration at 
moving wall and the dynamic boundary condition at tangential direction at free surface 
remain same.  However, the dynamic boundary condition in the normal direction reduced 
to 
2
Re p h
Ca

    (C.5) 
It has to be noted that this is the boundary condition that was used by Landau and Levich, 
and White and Tallmadge in their linear theory. Now following the same steps as 
mentioned in section 2.1.3 governing equation for the dynamic region will be 
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 
3
2
x y yyRe uu vu h u T
Ca


       (C.6) 
The matching boundary conditions remain same as equation (2.43) (2.47) 
Therefore, following the same mapping procedure mentioned in section 2.2, Galerkin 
projected mapped equation corresponding to  O 1  model becomes 
3 2
k k i ik k2
du h 1
Re C0 U C9 T C0
dt Ca h


       (C.7) 
where, 
k j jk j jk i j ijk i j ijk
du h h
U C1 U C2 U U C3 U U C4
dt h h
 
       (C.8) 
constants appear in the equations (C.7) (C.8) has the same definition as mentioned in 
equation (2.73) 
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Appendix E. Numerical model by VOF method 
 
This section presents the 2-D CFD method developed by VOF method to determine the 
coating thickness for a specific withdrawal speed in dip coating process. Free surface 
position is a unknown a priori in case of dip coating process, hence flow field is solved as 
a time dependent problem, and it is found that flow reaches a steady state condition after 
some time depending on the withdrawal speed and the fluid properties. The coating 
thickness is determined when the flow field reaches the steady state condition.  
 
E.1 Computational Domain 
 
A 2-D computational domain is created as shown in figure E.1 (a). Physical dimension of 
the domain is 1m(W) X 5m(L). Coating thickness will be in mm level 
1-4
 but to ensure an 
infinite fluid bath assumption, width of the computational domain is selected 1m which is 
found sufficiently large enough. To imply the VOF model the domain is divided into two 
regions where the bottom 1m(W) X 1m(L) portion is filled or patched with fluid of 
coating material before computation, and remaining upper part of domain is filled with 
air.  It is expected that the fluid film will reach a constant thickness region far before the 
upper exit dimension of domain; hence 5m length is sufficient enough in the length 
direction along with the 4m computation domain for the dynamic region.  
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E.2 Grid generation 
 
A commercial mesh generator ANSYS ICEM CFD 13.0 is used to generate the grid. As 
the film close to moving wall is the main interest of current study and it is expected to be 
in mm level, so a region of 10mm in the width direction is created close to the moving 
wall to create finer boundary layer mesh inside that region. Creation of this region 
reduces the number of meshes required in the width direction, which increased the 
computational efficiency. A boundary layer mesh from that region to other boundary of 
domain is also created to have a systematic increment of mesh size as shown in figure E.1 
(b). Boundary layer mesh is also created in both directions from the air-fluid interface 
which is schematically shown in figure E.1 (b). Ratio of mesh size increment is 
maintained lower than 1.2. A purely rectangular grid is created in the whole 
computational domain. A detail mesh is sown in figure E.1 (c).  Three meshes are created 
to investigate the mesh dependency test which is given below: 
Table E. 1 Mesh information 
MESH 
Nodes 
( W X L ) 
Cells 
Mesh-1 150 X 200 29304 
Mesh-2 200 X 320 62964 
Mesh-3 300 X 430 127544 
   
Dynamic mesh is used as it is found that without dynamic mesh flow becomes unstable, 
and no solution is obtained. 
89 
 
 
 
 
 
 
 
 
 
 
 
 
                            (a)              (b)      
 
 
 
 
 
 
 
 
 
 
 
         (c) 
 
 
1
m 
4
 
m
 
1
 
m
 
BL mesh F
in
er
 B
L
 m
es
h
 z
o
n
e 
Figure E. 1  (a) Schematic of computational Domain, (b) Schematic 
diagram for mesh, (c) Detail of mesh. 
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E.3 Methodology 
E.3.1 Solver 
 
The commercial CFD package ANSYS FLUENT 13.0, which uses the finite volume 
technique, is used to solve the problem with double precision. FLUENT offers two types 
of solvers; pressure based and density based. The pressure based solver is used in this 
study as this is developed for low-speed incompressible flows, whereas the density based 
solver is mainly developed for high speed compressible flows. The pressure-based solver 
employs an algorithm which belongs to a general class of methods called the projection 
method. 
5
 In the projection method the constraint of mass conservation (continuity) of the 
velocity field is achieved by solving a pressure (or pressure correction) equation. The 
pressure equation is derived from the continuity and the momentum equations in such a 
way that the velocity field, corrected by the pressure, satisfies the continuity. Since the 
governing equations are nonlinear and coupled, the solution process involves iterations 
wherein the entire set of governing equations is solved repeatedly until the solution 
converges. 
 
E.3.2 Volume of Fluid (VOF) method 
 
Multiphase model VOF is used under explicit scheme to simulate the dip coating flow 
situation considering two Eulerian phases. In the VOF model, a single set of momentum 
equations is shared by the fluids, and the volume fraction of each of the fluids in each 
computational cell is tracked throughout the domain. 
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The tracking of the interface between the phases is accomplished by the solution of a 
continuity equation for the volume fraction of one (or more) of the phases. For the ‘q’th 
phase, this equation has the following form:  
   q q q q q
q
1
v 0
t
 
   
   

  (C.9) 
where q is the volume fraction of the q th phase. The volume fraction equation will not 
be solved for the primary phase; the primary-phase volume fraction will be computed 
based on the following constraint: 
n
q
q 1
1

   (C.10) 
The properties appearing in the transport equations are determined by the presence of the 
component phases in each control volume. In a two-phase system, for example, if the 
phases are represented by the subscripts 1 and 2, and if the volume fraction of the second 
of these is being tracked, the density in each cell is given by  
2 2 2 1(1 )         (C.11) 
In general, for an n-phase system, the volume-fraction-averaged of all properties (e.g., 
density) are computed in following manner:  
q q     (C.12) 
A single momentum equation is solved throughout the domain, and the resulting velocity 
field is shared among the phases. The momentum equation in the absence of gravity and 
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other body forces, shown below, is dependent on the volume fractions of all phases 
through the properties ρ and µ. 
     Tv vv p v v
t
       
  
     (C.13) 
 
 
E.4 Boundary Conditions 
 
Boundary conditions are not obvious in the dip coating process. Only known boundary 
condition is the no slip boundary condition at left surface of the domain which is the 
moving boundary in upward direction. Domain in width direction is chosen large enough, 
as it is expected that motion of left moving wall will not affect the fluid to the right 
surface, and depth of fluid is considered  large enough also as  lower bottom surface is 
expected to remain unaffected by the motion of flow. Outlet vent with zero loss co-
efficient is used as boundary condition for top surface of the domain to allow fluid to 
leave the domain freely. Across right and bottom surface zero gradients for all parameter 
is expected under the assumption of infinite bath, so symmetry boundary condition can be 
used. Detail of the boundary conditions for four faces is shown in table E.2. 
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Table E. 2 Boundary conditions 
Name Type Boundary Condition 
Bottom Symmetry Symmetry 
Right Symmetry Symmetry 
Left Moving Wall Velocity in y direction and Contact angles of 60
0 
Top Outlet Vent 
Loss Co-efficient=0 and Backflow volume 
fraction for coating fluid=0 
 
E.5 Materials 
 
Computational domain is filled with two fluids. Air is used as primary phase in all cases. 
Three different fluids are used as secondary phase which corresponds to three 
dimensionless parameter,  , which is defined by 
1/3
4g
 
   
  
, where σ, ρ and μ 
represents surface tension, density and viscosity of the fluid respectively.  
 Surface tension of the three different fluids corresponds to the surface tension of 
glycerin. Hence contact angle of 60
0
 is used which is the contact angle of glycerine with 
solid wall in the presence of air interface 
6
. Detail property can be found in table 3. 
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Table E. 3 Properties of fluid 
 
Fluid 
Density, ρ 
(kg/m
3
) 
Viscosity, μ 
(kg/m-s) 
Surface tension, σ 
(N/m) 
Dimensionless 
parameter 
   
Air 1.225 1.7894e-05 N/A N/A 
Fluid-1 100 1.5 0.0634 0.08 
Fluid-2 1259.9 0.799 0.0634 0.432 
Fluid-3 1215 0.13 0.066 5.0 
  
 
E.6 Grid independence study 
 
A grid independence study is carried out on the model scale grid mentioned in table 1. 
Coating thickness which is the characteristic length for dip coating process, for specific 
withdrawal speed is used to check the grid independence. According to the COST 
guidelines
7
, at least three systematically and substantially refined grids should be used so 
that the ratio of cells for two consecutive grids should be at least 1.5 in each dimension. 
The refinement ratio between Mesh-1 and Mesh-2 is 2.15 in each dimension which is 
larger than the recommended value of 1.5
7, 8
. However, the refinement ratio between 
Mesh-2 and Mesh-3 is limited to 2.03 by the available computational resources. Results 
of grid independence test can be found in following Table-3. Based on the results from 
table 3 Mesh-2 with 62964 cells is chosen for the present study.  
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Table E. 4 Results for Grid Independence Test for U 0.5  m/s ( Time Step=0.05sec) 
Mesh Nodes Cells H  (mm ) Error (%) 
Mesh-1 150 X 200 29304 4.255 N/A 
Mesh-2 200 X 320 62964 4.125 3.06 
Mesh-3 300 X 430 127544 4.124 0.024 
 
 
E.7 Time Independence Test 
 
Results for time Independence test for Mesh-2 and withdrawn speed, U 0.5  m/s is 
shown in Table-4. Time step 0.05sec is used for dimensionless parameter,   0.08 and 
0.432. It is found that larger time steps create unstable flow filed where global courant 
number during solution procedure exceeds more than 250, and solution stops. Sensitivity 
with time steps increases as  increases. In case of dimensionless parameter 5.0  time 
steps is maintained at 0.03. 
Table E. 5 Results for Time Independence Test for U=0.5m/s (Mesh-2) 
Time Step (sec) Nodes Cells H (mm ) Error (%) 
0.03 150 X 200 29304 4.124 - 
0.05 200 X 320 62964 4.125 0.024 
0.06 300 X 430 127544 4.23 2.54 
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E.8 Determination of Steady state film thickness 
 
Characteristics length for the dip coating problem is the constant coating thickness which 
depends on the withdrawal speed is assumed to exist far away from the static fluid bath 
surface. This constant coating thickness is determined by considering the thickness of 
secondary fluid film normal to the plate until volume fraction remains one for the 
secondary fluid. Thickness where both the two phase has some volume fraction is exist 
due to the presence grids. It is observed that finer grid reduces this mixing zone 
significantly. To ensure minimum mixing zone a very fine mesh is considered close to 
the moving wall as mentioned in section E.2.  
It is found that time required to reach the steady state condition depends on the 
withdrawal speed, U , and dimensionless parameter,  . 
3, 9-13
 Time required to reach the 
steady state condition is denoted as ST .The coating thickness is determined when flow 
reaches the steady state condition. The constant coating, H , depends on the withdrawal 
speed and dimensionless parameter,  . Details information regarding ST , and H , for 
corresponding U  and    are shown in table E.6. 
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Table E. 6 Time required for reaching steady state condition 
Dimensionless 
parameter,   
Withdrawal speed, 
U  (cm/s) 
Constant coating 
thickness, H  
(mm) 
Approximate Time 
Required, ST  (sec)  
0.08 
2.66 4.7 250 
4.26 5.8 200 
10.65 8.6 150 
26.63 13.1 100 
 
0.432 
2 0.74 300 
5 1.19 250 
8 1.48 200 
20 2.26 150 
50 3.49 100 
80 4.74 40 
5 
1.38 0.205 250.28 
7.62 0.58 180.1 
13.8 0.79 150.08 
43.9 1.3 100.1 
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